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VERTEX-PRIMITIVE s-ARC-TRANSITIVE DIGRAPHS OF
ALTERNATING AND SYMMETRIC GROUPS
JIANGMIN PAN, CIXUAN WU, AND FUGANG YIN
Abstract. A fascinating problem on digraphs is the existence problem of the finite
upper bound on s for all vertex-primitive s-arc-transitive digraphs except directed
cycles (which is known to be reduced to the almost simple groups case). In this paper,
we prove that s ≤ 2 for all G-vertex-primitive s-arc-transitive digraphs with G an
(insoluble) alternating or symmetric group, which makes an important progress towards
a solution of the problem. The proofs involves some methods that may be used to
investigate other almost simple groups cases.
keywords. upper bound, s-arc-transitive digraph, vertex-primitive, alternating group
1. Introduction
A digraph (directed graph) Γ is a pair (V Γ ,→) with vertex set V Γ and an antisym-
metric irreflexive binary relation → on V Γ . All digraphs considered in this paper are
finite. For a positive integer s, an s-arc of Γ is a sequence v0, v1, . . . , vs of vertices such
that vi → vi+1 for each i = 0, 1, . . . , s− 1. A 1-arc is also simply called an arc. A transi-
tive permutation group G is primitive on a set Ω if G preserves no nontrivial partition
of Ω (or equivalently, the point stabilizer of G is maximal in G). For an automorphism
group G of Γ , we call that Γ is (G, s)-arc-transitive if G is transitive on the set of s-arcs
of Γ , and Γ is G-vertex-primitive if G is primitive on the vertex set of Γ . It is easy to
see that s-arc-transitive digraphs with s ≥ 2 are necessarily (s− 1)-arc-transitive.
In sharp contrast with the undirected graphs, where a well known result of Weiss
[20] states that finite undirected graphs other than cycles can only be s-arc-transitive
for s ≤ 7, Praeger [18] proved that there are infinite many s-arc-transitive digraphs
for unbounded s other than directed cycles. This interesting gap stimulated a series of
constructions [4, 5, 8, 16] for such digraphs (which are called highly transitive digraphs
in the literature). However, although various constructions for s-arc-transitive digraphs
are known, finding vertex-primitive s-arc-transitive digraphs with s ≥ 2 seems to be
a very intractable problem: in a survey paper of Praeger [19] in 1990, she said “no
such examples have yet been found despite considerable effort by several people”. The
existence problem of vertex-primitive 2-arc-transitive digraphs besides directed cycles
has just been solved until 2017 by Giudici, Li and Xia [9] by constructing an infinite
family of such digraphs with valency 6, and no vertex-primitive 3-arc-transitive digraphs
have been founded yet. These naturally motivate the following interesting problem
(posted by Giudici and Xia [11]).
Question A. Is there an upper bound on s for all vertex-primitive s-arc-transitive
digraphs that are not directed cycles?
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A group G is said to be almost simple if there is a nonabelian simple group T such
that T ✁G ≤ Aut(T ). A systematic investigation of the O’Nan-Scott types of primitive
permutation groups has reduced Question A to the almost simple case by proving that
an upper bound on s for vertex-primitive s-arc-transitive digraphs Γ with AutΓ almost
simple will be an upper bound on s for all vertex-primitive s-arc-transitive digraphs,
see [11, Corollary 1.6]. Thus a reasonable strategy for Question A is to investigate the
upper bound of s for all simple groups (the sporadic simple groups case can generally
be done especially with the help of the computer program). In this paper, we will do
such for alternating and symmetric groups. Our main result is as following.
Theorem 1.1. Let Γ be a G-vertex-primitive (G, s)-arc-transitive digraph, where G is
an insoluble alternating or symmetric group. Then s ≤ 2.
In light of Theorem 1.1 and [10, Theorem 1.2] for linear groups, we would like to
propose the following conjecture.
Conjecture. The upper bound on s for all vertex-primitive s-arc-transitive digraphs
except direct cycles is 2.
The layout of this paper is as follows. We give some preliminary results in Section 2.
Notice that, for the digraphs in Theorem 1.1, the vertex stabilizers of G satisfy parts
(a)-(f) of Theorem 2.3 below (obtained by Liebeck, Praeger and Saxl). Parts (a) and
(c) are investigated in Section 3, and part (d) is considered in Section 4. In the final
Section 5, we analyse parts (b,e,f) and complete the proof of Theorem 1.1.
2. Preliminaries
Throughout the paper, we always use the following notations, where G is a group, n
is a positive integer and p is a prime.
pi(G): the set of prime divisors of the order of G.
pi(n): the set of prime divisors of n.
np: the maximal power of p dividing n.
soc(G): the socle of G, namely the product of all minimal normal subgroups of G.
The following result is a consequence (also easy to prove directly) of the so-called
Legendre’s formula, that will be used repeatedly in this paper.
Lemma 2.1. For each positive integer n and prime p, we have (n!)p < p
n
p−1 .
For positive integers a ≥ 2 and m ≥ 2, a prime r is called a primitive prime divisor of
am− 1 if r divides am− 1 but not divides ai− 1 for each i = 1, 2, . . . , m− 1. The next is
a well-known theorem of Zsigmondy, see [2, Theorem IX.8.3], where the last statement
follows easily by the Fermat’s Little Theorem.
Lemma 2.2. For positive integers a ≥ 2 and m ≥ 2, am−1 has a primitive prime divisor
r if (a,m) 6= (2, 6) and (2e − 1, 2) with e ≥ 2 an integer. Moreover, r ≡ 1(mod m), in
particular r > m.
The following theorem of Liebeck, Praeger and Saxl [13] determines the maximal
subgroups of alternating and symmetric groups which provides a starting point of this
paper.
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Theorem 2.3. Let G = An or Sn, and H 6= An a maximal subgroup of G. Then H
satisfies one of the following:
(a) H = (Sm × Sk) ∩G, with n = m+ k and m < k (intransitive case);
(b) H = (Sm ≀ Sk) ∩G, with n = mk, m > 1 and k > 1 (imprimitive case);
(c) H = AGL(k, p) ∩G, with n = pk and p prime (affine case);
(d) H = (T k.(Out(T ) × Sk)) ∩ G, with T a nonabelian simple group, k ≥ 2 and
n = |T |k−1 (diagonal case);
(e) H = (Sm ≀ Sk) ∩G, with n = m
k, m ≥ 5 and k > 1 (wreath case);
(f) T ✁H ≤ Aut(T ), with T a nonabelian simple group, T 6= An and H acts primi-
tively on Ω (almost simple case).
We remark that not all the groups H satisfying one of parts (a-f) are exactly maximal
subgroups of G, namely there have a few exceptions, see [13, THEOREM]. The next known
result presents a necessary and sufficient condition of s-arc-transitivity of digraphs, refer
to [11, Lemma 2.2].
Lemma 2.4. Let Γ be a digraph, and v0 → v1 → · · · → vs−1 → vs be an s-arc of Γ with
s ≥ 2. Suppose G ≤ AutΓ acts arc-transitively on Γ . Then G acts s-arc-transitively on
Γ if and only if
Gv1v2...vi = Gv0v1...viGv1...vivi+1 , for each i ∈ {1, 2, . . . , s− 1}.
For a group G, an expression G = HK with H and K being subgroups of G is called
a factorization of G, where H and K are called factors of G. In particular, G = HK
is called a homogeneous factorization if H is isomorphic to K, and is called a maximal
factorization if both H and K are maximal subgroups of G.
Lemma 2.5. ([10, Proposition 3.3]) Let G be an almost simple group with socle T .
Suppose G = AB is a homogeneous factorization. Then one of the following holds.
(a) Both A and B contain T .
(b) A and B are almost simple groups with socles both isomorphic to S, where (T, S)
lies in the following table, where q is a prime power and f > 2.
T A6 M12 Sp4(2
f) PΩ+8 (q)
S A5 M11 Sp2(4
f) Ω7(q)
Lemma 2.6. ([10, Lemma 3.5]) Let R≀Sk be a wreath product with base group M = R
k =
R1× · · ·×Rk, and T ≀ Sk ≤ G ≤ R ≀ Sk with T ≤ R. Suppose G = AB is a homogeneous
factorization of G such that A is transitive on {R1, . . . , Rk}. Denote by φi(A ∩M) the
projection of A ∩M on Ri for i = 1, 2, . . . , k. Then φ1(A ∩M) = · · · = φk(A ∩M) and
pi(T ) ⊆ pi(φ1(A ∩M)).
Lemma 2.7. Let G be an almost simple group with socle T = PSLk(q), where k ≥ 2
and q = pe is a prime power. If G = HK with H and K subgroups of G such that
pi(H) ∩ pi(K) ⊇ pi(G) \ pi(p(p− 1)), then either
(i) at least one of H and K contains T ; or
(ii) k = 2 and q = 2e − 1 ≥ 7 is a Mersenne prime.
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Proof. Let H0 and K0 be maximal subgroups of G containing H and K, respectively.
Then G = H0K0 is a maximal factorization. Such factorizations for G being an almost
simple group with socle PSL(d, q) are classified in [14, TABLE 1]. By checking the list,
the lemma follows. 
We give an observation to end this section. Denote by val(Γ ) the valency of a regular
digraph Γ .
Lemma 2.8. Let Γ be a (G, s)-arc-transitive digraph with G ≤ AutΓ and s ≥ 1. Then
val(Γ )s | |Gv| for each v ∈ V Γ.
Proof. Set m = val(Γ ), and let v = v0 → v1 → · · · → vs be an s-arc of Γ . Since Γ is
(G, s)-arc-transitive, Gv0v1...vi−1 is transitive on the out-neighbor set Γ
+(vi−1) := {u ∈
V Γ | vi−1 → u} for each i = 1, 2, . . . , s. Then as |Γ
+(v)| = m for each v ∈ V Γ , we
deduce |Gv0v1...vi−1 : Gv0v1...vi | = m. It follows |Gv| = |Gv0 | = m
s|Gv0v1...vs |, the lemma
follows. 
3. Subgroups (a) and (c)
For convenience, we always suppose the following hypothesis holds in the rest of this
paper.
Hypothesis 3.1. Let Γ be a G-vertex-primitive (G, s)-arc-transitive digraph of valency
at least three, where s ≥ 1 and G = An or Sn with n ≥ 5 is an automorphism group of
Γ . Take an arc u → v of Γ , and let g ∈ G such that ug = v and set w = vg. Then
u→ v → w is a 2-arc of Γ . Set Ω = {1, 2, . . . , n}. Then G acts naturally on Ω.
Under Hypothesis 3.1, Gvw = G
g
uv and Gv is a maximal subgroup of G. Hence Gv
satisfies parts (a)− (f) of Theorem 2.3. In this section, we investigate the cases where
Gv satisfies parts (a) and (c).
Lemma 3.2. Suppose Gv satisfies part (a) of Theorem 2.3. Then s = 1.
Proof. Suppose for a contradiction that s ≥ 2. By Theorem 2.3, Gv ∼= (Sm × Sk) ∩ G,
with n = m+k andm < k. Ifm = 1, then G is 2-transitive on V Γ , so Γ is an undirected
complete graph, a contradiction.
Thus assume m ≥ 2 in the following. Since s ≥ 2, Gv = GuvGvw by Lemma 2.4 and
Gvw = G
g
uv
∼= Guv. Notice that G has unique conjugate class of (Sm×Sk)∩G, the action
of G on V Γ is permutation equivalent to the natural induced action of G on Ω{m}, the set
of m-subsets of Ω . We may thus identify V Γ with Ω{m} and set v = ∆ := {1, 2, . . . , m}.
Then Gv = (S{1,...,m} × S{m+1,...,n}) ∩ G. Clearly, Gv = S{1,...,m} × S{m+1,...,n} if G = Sn,
and Gv = (A{1,...,m} × A{m+1,...,n}) : Z2 if G = An.
Assume first ∆ ∩ ∆g = φ. Without loss of generality, we may suppose ∆g = {m +
1, m+ 2, . . . , 2m}. Then
Gw = G
g
v = (S{m+1,...,2m} × S{1,...,m,2m+1,...,n}) ∩G, and
Gu = G
g−1
v = (S{j1,...,jm} × SΩ\{j1,...,jm}) ∩G,
where {j1, . . . , jm} ⊆ Ω \ {1, . . . , m}. It follows
Guv = Gu ∩Gv = (S{1,...,m} × S{j1,...,jm} × S{m+1,...,n}\{j1,...,jm}) ∩G, and
Gvw = Gv ∩Gw = (S{1,...,m} × S{m+1,...,2m} × S{2m+1,...,n}) ∩G.
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Since Gv = GuvGvw, we conclude
S{m+1,...,n} ∩G
= ((S{j1,...,jm} × S{m+1,...,n}\{j1,...,jm}) ∩G)((S{m+1,...,2m} × S{2m+1,...,n}) ∩G). (1)
Since n = m + k ≥ 5 and m < k, we have n − m = k ≥ 3. If n − m = 3 or
4, one easily verifies Equation (1) is impossible, a contradiction. If n − m ≥ 5, then
S{m+1,...,n}∩G ∼= An−m or Sn−m is almost simple, and the two factors in the right side of
Equation (1) are conjugate in G and so isomorphic, by Lemma 2.5, the only possibility
is n−m = 6 and m = 5, and so n = 11. Then Equation (1) leads to
S{6,...,11} ∩G = (S{j1,...,j5} ∩G)(S{6,··· ,10} ∩G), with {j1, . . . , j5} ⊆ {6, · · · , 11}. (2)
Clearly, one of j1, . . . , j5 equals 11. Then the intersection of the two factors in the right
side of Equation (2) is isomorphic to A4 or S4, it follows that the order of the group in
the right side of Equation (2) in a multiple of 25, but the order of the group in the left
side is not, also a contradiction.
Now assume ∆ ∩∆g 6= φ. We may assume ∆ ∩∆g = {1, . . . , l} with l < m. A direct
computation shows
Guv = (S{h1,...,hl} × S{1,...,m}\{h1,...,hl} × S{kl+1,...,km} × S{m+1,...,n}\{kl+1,...,km}) ∩G,
Gvw = (S{1,...,l} × S{l+1,...,m} × S{jl+1,...,jm} × S{m+1,...,n}\{jl+1,...,jm}) ∩G,
where {h1, . . . , hl} ⊆ {1, . . . , m}, {kl+1, . . . , km} and {jl+1, . . . , jm} are both subsets of
{m+ 1, . . . , n}. Because Gv = GuvGvw, we conclude
S{1,...,m} ∩G = ((S{1,...,l} × S{l+1,...,m}) ∩G)((S{h1,...,hl} × S{1,...,m}\{h1,...,hl}) ∩G).
If 2 ≤ m ≤ 4, a simple computation may draw a contradiction. If m ≥ 5, by Lemma 2.5,
the only possibility is m = 6 and l = 1, then similar arguments as above may draw a
contradiction. 
Lemma 3.3. Suppose Gv satisfies part (c) of Theorem 2.3. Then s = 1.
Proof. Suppose for a contradiction that s ≥ 2. By assumption, Gv ∼= AGL(k, p) ∩ G
with n = pk and p a prime, and so soc(Gv) ∼= Z
k
p. Since n ≥ 5, (k, p) 6= (2, 2). If
(k, p) = (2, 3), then Gv ∼= Z
2
3 : 2A4 or Z
2
3 : 2S4, a direct computation by Magma [1]
shows that Gv has no homogeneous factorization Gv = GuvGvw with |Gv : Guv| ≥ 3, a
contradiction.
Thus assume in the following (k, p) 6= (2, 2) and (2, 3). Then Gv is insoluble. Let
M be a normal subgroup of AGL(k, p) such that M ∼= Zkp : Zp−1. Set Gv = GvM/M ,
Guv = GuvM/M and Gvw = GvwM/M . Then Gv is almost simple with soc(Gv) ∼=
PSLk(p). Since Gv = GuvGvw and Guv ∼= Gvw, we have pi(Guv) = pi(Gvw) = pi(Gv) and
Gv = GuvGvw. It follows that
pi(Guv) ∩ pi(Gvw) ⊇ (pi(Guv) ∩ pi(Gvw)) \ pi(M) ⊇ pi(Gv) \ pi(p(p− 1)).
By Lemma 2.7, either
(i) at least one of Guv and Gvw contains soc(Gv); or
(ii) k = 2 and p = 2e − 1 ≥ 7 is a Mersenne prime.
For case (i), without loss of generality, we may suppose Guv ⊇ soc(Gv). Since Gv is
almost simple, soc(Guv) = soc(Gv). Then as Gvw ∼= Guv ∼= (M ∩ Guv).Guv and M is
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soluble, both Guv and Gvw have the same unique insoluble composition factor PSLk(p).
Since Gvw/(Gvw∩soc(Gv)) ∼= Gvwsoc(Gv)/soc(Gv) ≤ Gv/soc(Gv) is soluble, PSLk(p) is a
composition factor of Gvw ∩ soc(Gv), so Gvw ∩ soc(Gv) = soc(Gv), and hence soc(Gvw) =
soc(Gv) as Gv is almost simple. As Gv = GuvGvw, at least one of Guv and Gvw, say Guv,
has nontrivial intersection with soc(Gv), then since Guv ⊇ soc(Gv) ∼= PSLk(p) which
acts irreducibly on soc(Gv) ∼= Z
k
p, we further conclude Guv ⊇ soc(Gv). Consequently,
one easily has soc(Gvw) = soc(Gv) as |Gvw| = |Guv|. It follows
(soc(Gv))
g = (soc(Guv))
g = soc(Gguv) = soc(Gvw) = soc(Gv).
Notice that 〈Gv, g〉 = G, we have soc(Gv)✁G, that is, Gv contains a nontrivial normal
subgroup of G, hence G acts unfaithfully on V Γ , a contradiction.
For case (ii), Gv ∼= PSL2(p).o with o = 1 or Z2. If one of Guv and Gvw contains
soc(Gv) ∼= PSL2(p), the discussions in the previous paragraph may draw a contradiction.
Suppose now none of Guv and Gvw contains soc(Gv). Since Gv = GuvGvw, we may
suppose (interchange Guv and Gvw if necessary) that Guv ≤ Zp : Z p−1
2
.o, hence |Guv|2 ≤
|o| as p = 2e − 1. Since Guv ∼= Guv/(Guv ∩M), we conclude |Guv|2 ≤ |o||M |2 = 2|o|. It
follows
2e+1|o| = 2|PSL2(2
e − 1).o|2 = |Gv|2 ≤ |Guv|
2
2 ≤ 4|o|
2 ≤ 8|o|,
implying e ≤ 2 and so p ≤ 3, which is a contradiction. 
4. Subgroups (d)
Suppose Hypothesis 3.1 holds. In this section, we consider that case where Gv satisfies
part (d) of Theorem 2.3, namely Gv ∼= (T
k.(Out(T ) × Sk)) ∩ G, with T a nonabelian
simple group, k ≥ 2 and n = |T |k−1. The main result of this section is the following
assertion.
Lemma 4.1. Suppose Gv satisfies part (d) of Theorem 2.3. Then s ≤ 2.
Lemma 4.1 will be proved by a series of lemmas in which the following proposition of
Liebeck, Praeger and Saxl (see [15, P. 296, Corollary 5]) will be used. We remark there
are two minor problems in Table 10.7 there, namely ‘p ≤ c’ in Row 1 should be ‘p < c’
(for if p = c then L ⊇ T ), and ‘Zp : Z p−1
2
’ in Row 7 should be ‘Zp : Zp−1’.
Proposition 4.2. Let G be an almost simple group with socle T . Suppose that L is a
subgroup of G such that pi(T ) ⊆ pi(L). Then either
(i) T ⊆ L; or
(ii) the possibilities for T and L are given in Table 1.
Let M be a normal subgroup of Gv isomorphic to T
k.Out(T ). Set Gv = GvM/M ,
Guv = GuvM/M and Gvw = GvwM/M . Then Ak ≤ Gv ≤ Sk.
Lemma 4.3. If Γ is (G, 2)-arc-transitive, then (interchange Guv and Gvw if necessary)
Guv ≤ Sk is transitive and φ1(Guv ∩ M) = · · · = φk(Guv ∩ M). Further, either
φi(Guv ∩M) ⊇ T , or the couple (T, φi(Guv ∩M)) (as (T, L) there) satisfies Table 1 of
Proposition 4.2, where φi(Guv∩M) denotes the projection of Guv∩M on the i-component
of M .
Proof. Since Γ is (G, 2)-arc-transitive, Gv = GuvGvw, and hence Gv = GuvGvw. Noting
thatGv ∼= Ak or Sk, by [10, Lemma 2.3], at least one ofGuv orGvw, sayGuv, is a transitive
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Row T L ∩ T Remark
1 Ac Al ✁ L ≤ Sl × Sc−l p prime, p < c⇒ p ≤ l
2 A6 PSL(2, 5)
3 PSp2m(q) (m, q even) L✄ Ω
−
2m(q)
4 PΩ2m+1(q) (m even, q odd) L✄ Ω
−
2m(q)
5 PΩ+2m(q) (m even) L✄ Ω2m−1(q)
6 PSp4(q) L✄ PSp2(q
2)
7 PSL2(p) (p = 2
m − 1) L ≤ Zp : Zp−1 G = T.2
8 PSL2(8) 7.2, P1 G = T.3
9 PSL3(3) 13 : 3 G = T.2
10 PSL6(2) P1, P5,PSL5(2)
11 PSU3(3) PSL2(7)
12 PSU3(5) A7
13 PSU4(2) L ≤ 2
4.A5 or S6
14 PSU4(3) PSL3(4),A7
15 PSU5(2) PSL2(11)
16 PSU6(2) M22
17 PSp4(7) A7
18 Sp4(8)
2B2(8) G = T.3
19 Sp6(2) S8,A8, S7,A7
20 PΩ+8 (2) L ≤ Pi (i = 1, 3, 4),A9
21 G2(3) PSL2(13)
22 2F4(2)
′ PSL2(25)
23 M11 PSL2(11)
24 M12 M11,PSL2(11)
25 M24 M23
26 HS M22
27 McL M22
28 Co2 M23
29 Co3 M23
Table 1. Subgroups L with pi(T ) ⊆ pi(L) and T 6⊆L
subgroup of Sk. It then follows from Lemma 2.6 that φ1(Guv∩M) = · · · = φk(Guv∩M),
and pi(T ) ⊆ pi(φ1(Guv ∩M)). Now by Proposition 4.2, the lemma follows. 
The following lemma treats the case where φ1(Guv ∩M) contains T .
Lemma 4.4. Assume T ⊆ φ1(Guv ∩M). Then s ≤ 2.
Proof. Suppose on the contrary s ≥ 3. By Lemma 4.3, we may assume that φ1(Guv ∩
M) = · · · = φk(Guv ∩ M) = T.o with o ≤ Out(T ), and Guv ≤ Sk is transitive. It
follows that Guv ∩M has a unique insoluble composition factor T with multiplicity, say
l, dividing k.
We first prove l = k. If not, then l ≤ k
2
as l | k. It is known (or see [15, P. 297,
Corollary 6]) that there is a prime r ≥ 5 such that r | |T | but r does not divide |Out(T )|.
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So |Guv ∩M |r = |T |
l
r ≤ |T |
k/2
r , and hence
val(Γ )r =
|Gv|r
|Guv|r
≥
|Gv|r
|Guv ∩M |r|Sk|r
≥
|T |kr(k!)r
|T |
k/2
r (k!)r
= |T |k/2r .
Since s ≥ 3, by Lemma 2.8, val(Γ )3r ≤ |Gv|r, it follows |T |
3k/2
r ≤ |T |kr(k!)r. However,
as (k!)r < r
k
r−1 by Lemma 2.1, we conclude |T |
k/2
r < r
k
r−1 , which is a contradiction as
r ≥ 5.
Thus l = k. Consequently, Guv ∩M contains soc(Gv) ∼= T
k. Since Guv is transitive,
we further conclude soc(Gv) is the unique minimal normal subgroup of Guv, namely
soc(Guv) = soc(Gv). Since Guv ∼= Gvw, N := soc(Gvw) ∼= T
k is the unique minimal
normal subgroup of Gvw. Clearly, N ∩ soc(Gv) ✁ Gvw, by the minimality of N , either
N ∩ soc(Gv) = 1 or N = soc(Gv). For the former case, we have
N = N/(N ∩ soc(Gv)) ∼= soc(Gv)N/soc(Gv) ≤ Gv/soc(Gv) ≤ Out(T )× Sk.
By Lemma 2.1, we obtain |T |kr = |N |r < (k!)r < r
k
r−1 , a contradiction. Therefore,
soc(Gvw) = soc(Gv) = soc(Guv). It follows
soc(Gv)
g = soc(Guv)
g = soc(Gguv) = soc(Gvw) = soc(Gv),
so soc(Gv) is normal in 〈Gv, g〉 = G, that is, Gv contains a nontrivial normal subgroup
of G, it is a contradiction. 
To treat the candidates in Table 1, we first prove two lemmas.
Lemma 4.5. Suppose Γ is (G, 2)-arc-transitive. Then for each prime r, we have
|T |r < r|φ1(Guv ∩M)|
2
r.
Proof. Suppose |φ1(Guv ∩ M)|r = r
l and G ∼= An.o with o ≤ Z2. Then Gv ∼=
T k.(Out(T )× (Ak.o)) and Guv/(Guv ∩M) ∼= Ak.o, so
|Guv|r ≤ |Guv ∩M |r|Ak.o|r ≤ |φ1(Guv ∩M)|
k
r |Ak.o|r = r
kl(
k!
2
)r|o|r.
Since Γ is (G, 2)-arc-transitive, Gv = GuvGvw, we obtain
|T |kr |Out(T )|r(
k!
2
)r|o|r = |Gv|r ≤ |Guv|
2
r ≤ r
2kl(
k!
2
)2r|o|
2
r.
By Lemma 2.1, it follows |T |kr ≤ r
2kl(k!)r < r
2kl+ k
r−1 , hence |T |r < r
2l+ 1
r−1 < r2l+1, the
lemma follows. 
Lemma 4.6. Suppose Γ is (G, 3)-arc-transitive. Then for each prime r, we have
|T |2kr < r
k
r−1 |φ1(Guv ∩M)|
3k
r |Out(T )|r.
Proof. Suppose |φ1(Guv ∩M)|r = r
l and G ∼= An.o with o ≤ Z2. Then by the proof of
Lemma 4.5, |Guv|r ≤ r
kl(k!
2
)r|o|r, and since val(Γ ) = |Gv : Guv|, we obtain
val(Γ )r =
|Gv|r
|Guv|r
≥
|T |kr |Out(T )|r(
k!
2
)r|o|r
rkl(k!
2
)r|o|r
≥
|T |kr
rkl
.
Since Γ is (G, 3)-arc-transitive, by Lemma 2.8, val(Γ )3 | |Gv|. It follows |T |
3k
r divides
r3kl|T |kr |Out(T )|r(k!)r, then the lemma follows by Lemma 2.1. 
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l T |T |r |Out(T )| |φ1(Guv ∩M)|r r
9 PSL3(3) 3
3 2 3 3
11 PSU3(3) 3
3 2 3 3
12 PSU3(5) 5
3 6 5 5
14 PSU4(3) 3
6 8 32 3
15 PSU5(2) 3
5 2 3 3
16 PSU6(2) 3
6 6 32 3
17 PSp4(7) 7
4 2 7 7
18 Sp4(8) 3
4 6 3 3
21 G2(3) 3
6 3 ≤ 32 3
22 2F4(2)
′ 33 2 3 3
26 HS 53 2 5 5
27 McL 36 2 32 3
28 Co2 3
6 1 32 3
29 Co3 3
7 1 32 3
Table 2. Triples (|T |r, |Out(T )|, |φ1(Guv ∩M)|r) of ‘sporadic’ cases in Lemma 4.7.
We now analyse the candidates in Table 1 by the following two lemmas. The proofs
need many information of the orders and the outer automorphism groups of simple
groups, for those we refer to [14, P. 18–20].
Lemma 4.7. Suppose Gv satisfies Row l of Table 1, where l ∈ {7, 9, 11, 12, 14−18, 21, 22,
26− 29}. Then s = 1.
Proof. Suppose on the contrary, s ≥ 2. We divided the proof into two cases.
Row 7. Then T = PSL2(p) with p = 2
m− 1 a Mesenna prime, and φ1(Guv ∩M) ≤ Zp :
Zp−1. It follows |T |2 = 2
m and |φ1(Guv ∩M)|2 ≤ 2. By Lemma 4.5, we obtain 2
m < 23,
so m ≤ 2 and T is soluble, a contradiction.
Remaining rows. Then the simple groups T are specific with no parameter, and either
φ1(Guv ∩M)∩T or φ1(Guv ∩M) is given in Table 1. Since φ1(Guv ∩M)/(φ1(Guv ∩M)∩
T ) ≤ Out(T ), we have |φ1(Guv ∩M)|r ≤ |Out(T )|r|φ1(Guv ∩M) ∩ T |r. Then a direct
computation shows that the triple (|T |r, |Out(T )|, |φ1(Guv ∩M)|r) for some prime r lies
in Table 2 (we remark that in Row 16 of Table 1, φ1(Guv∩M) ≤ M22 : Z2 by Atlas [6], so
|φ1(Guv ∩M)|3 = 3
2). For each row in Table 2, we always have |T |r ≥ r|φ1(Guv ∩M)|
2
r ,
by Lemma 4.5, it is a contradiction. 
Lemma 4.8. Suppose Gv satisfies Row l of Table 1 with l ∈ {1− 6, 8, 10, 13, 19, 20, 23−
25}. Then s ≤ 2.
Proof. Suppose on the contrary, s ≥ 3. We investigate each row in Lemma 4.8 in the
following.
Row 1. Then T = Ac and Al ✁ φi(Guv ∩M) ≤ Sl × Sc−l, where 5 ≤ l < c, c is not a
prime and l is greater than or equal to the largest prime less than c.
If c = 6, then l = 5, so |T |3 = 3
2, |Out(T )|3 = 1 and |φi(Guv ∩M)|3 = 3. It follows
|T |2k3 = 3
4k > 3k/2|Out(T )|3|φi(Guv ∩M)|
3k
3 , contradicting Lemma 4.6.
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Thus assume c > 6 in the following. By Lemma 4.3, we may suppose Guv ≤ Sk is tran-
sitive, and hence φi(Guv∩M) = φj(Guv∩M) for all 1 ≤ i, j ≤ k by Lemma 4.3. For each
(a1, . . . , ak) ∈ M , since Gv = GvwGuv, we have (a1, . . . , ak) = (b1, . . . , bk)σ(c1, . . . , ck)τ ,
where (b1, . . . , bk) ∈ Gvw ∩ M , (c1, . . . , ck) ∈ Guv ∩ M , and σ, τ ∈ Sk. It follows
(a1, . . . , ak) = (b1c1σ , . . . , bkckσ)στ , and so στ = 1 and ai = biciσ . Consequently, Sc =
Aut(Ac) ∼= φi(M) = φi(Gvw∩M)φi(Guv∩M) because ciσ ∈ φiσ(Guv∩M) = φi(Guv∩M).
Now by [14, P. 9, Corollary 5], one of the following holds:
(i) φi(Gvw ∩M) ⊇ T .
(ii) 1 ≤ c− l ≤ 5 and φi(Gvw ∩M) is (c− l)-homogeneous on c points.
Moreover, since Al✁φi(Guv ∩M) ≤ Sl×Sc−l and Guv ≤ Sk is transitive, we obtain that
either the minimal normal subgroups of Guv (so of Gvw as Guv ∼= Gvw) are isomorphic
to Ahl if φi(Guv ∩M) ≤ Sl, or isomorphic to A
h
l and S
h if φi(Guv ∩M) is not contained
in Sl, where h ≤ k and S ≤ Sc−l.
For case (i), Gvw has a minimal normal simple group isomorphic to A
t
c for some t ≤ k,
which is a contradiction.
Consider case (ii). Assume first φi(Gvw∩M) is almost simple for some i, say with socle
Q. Then Gvw has a minimal normal subgroup isomorphic to Q
m for some m ≤ k, so is
Guv. By the above assertion regarding the minimal normal subgroups of Guv, we obtain
that either Q ∼= A5 and c − l = 5 or Q ∼= Al. For the former case, φi(Gvw ∩M) ≤ S5
is 5-homogeneous on c points, a contradiction. For the latter case, if n − l = 1, then
φi(Guv ∩ M) and φi(Gvw ∩ M) are almost simple with the socles both isomorphic to
Al, one easily deduces from Lemma 2.5 that c = 6 and l = 5, also a contradiction. If
n− l ≥ 2, as φi(Gvw∩M) is almost simple with socle Al and is (n− l)-homogeneous on c
points with c > l, by the classification of 2-homogeneous permutation groups which are
not 2-transitive (refer to [12, Section 6.2]), we obtain that φi(Gvw ∩M) is 2-transitive.
It then follows from [3, Theorem 5.3(S)] that (c, l) = (6, 5) or (15, 7). The former
contradicts to the assumption c > 6, and the latter contradicts to c − l ≤ 5, yielding a
contradiction.
Assume now φi(Gvw∩M) is not almost simple for each i = 1, 2, . . . , k. If c−l = 1, then
Al ≤ φi(Guv∩M) ≤ Sl and the minimal normal subgroups of Guv andGvw are isomorphic
to Ahl with h ≤ k, it leads to that there is i such that Al ≤ φi(Gvw ∩M) ≤ Sc = Sl+1,
which is impossible as φi(Gvw ∩ M) is not almost simple. Suppose c − l ≥ 2. Then
φi(Gvw ∩M) is 2-homogeneous on c points, since it is not almost simple, we conclude
that φi(Gvw ∩M) is of affine type, namely soc(φi(Gvw ∩M)) ∼= Z
d
p with p a prime and
c = pd. It follows that Gvw and so Guv has a minimal normal subgroup isomorphic
to (Zdp)
m for some positive integer m. However, by the above assertion of the minimal
normal subgroups of Guv, we have Z
d
p ≤ Sc−l. As c− l ≤ 5, we have c = p
d ≤ 5, again a
contradiction.
Row 2. Since PSL2(5) ∼= A5, the above discussion with c = 6 draws a contradiction.
Row 3. Then |T | = |PSp2m(q)| = q
m2
∏m
i=1(q
2i − 1) with m, q even. Set q = 2e. Assume
em 6= 6. By Lemma 2.2, 2em − 1 = qm − 1 has a primitive prime divisor, say r, with
r > em. Suppose |qm − 1|r = r
l. Notice that r does not divide qi − 1 and qm+i − 1 (as
qm+i−1 = qm(qi−1)+(qm−1)) for each 1 ≤ i ≤ m−1. we have |T |r = |(q
m−1)(q2m−
1)|r = r
2l. Since Ω−2m(q)✁ φ1(Guv ∩M), |Ω
−
2m(q)| =
1
2
qm(m−1)(qm+1)
∏m−1
i=1 (q
2i− 1) and
r > em, we conclude |φ1(Guv ∩M)|r = |q
m − 1|r = r
l. As q is even, |Out(T )| = e if
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m ≥ 3, and |Out(T )| = 2e if m = 2 (see [14, P.18]), so r does not divide |Out(T )|. It
then follows from Lemma 4.6 that r4kl < r3kl+
k
r−1 , a contradiction.
Assume now em = 6. Since m is even, (q,m) = (2, 6) or (23, 2), and T = PSp12(2)
or PSp4(8) respectively. For both cases, we have |T |7 = 7
2, |φ1(Guv ∩M)|7 = 7, and
|Out(T )| = 1 ifm = 6 and |Out(T )| = 6 ifm = 2. By Lemma 4.6, we obtain 74k < 73k+
k
6 ,
also a contradiction.
Row 4. Then |T | = |PΩ2m+1(q)| =
1
2
qm
2 ∏m
i=1(q
2i − 1), with m even and q = pe an odd
prime power.
If (p, e,m) = (2t−1, 1, 2) for some t, then one easily deduces that |T |p = p
4, |φ1(Guv∩
M)|p = p
2. Since Out(T ) = Z2 in the case, by Lemma 4.6, we have p
8k < p6k+
k
p−1 , a
contradiction.
Suppose (p, e,m) 6= (2t − 1, 1, 2). By Lemma 2.2, pem − 1 = qm − 1 has a primitive
prime divisor r > em. Then with similarly discussion as in the proof of Row 3, we have
|T |r = (q
m − 1)2r, |φ1(Guv ∩M)|r = (q
m − 1)r and (r, |Out(T )|) = (r, 2e) = 1. It follows
from Lemma 4.6 that (qm − 1)2kr < (q
m − 1)krr
k
r−1 , also a contradiction.
Row 5. Then |T | = |PΩ+2m(q)| =
1
(4,qm−1)
qm(m−1)(qm − 1)
∏m−1
i=1 (q
2i − 1), with m even.
Suppose q = pe with p a prime.
Assume first (p, em) 6= (2, 6). By Lemma 2.2, pem− 1 = qm − 1 has a primitive prime
divisor r > em. Set |qm − 1|r = r
l. Since qm+i − 1 = qm(qi − 1) + (qm − 1), we have
r does not divide qi − 1 and qm+i − 1 for each 1 ≤ i ≤ m − 1. Then, as m is even,
it turns out |T |r = |(q
m − 1)2|r = r
2l. Since |Ω2m−1(q)| =
1
2
q(m−1)
2 ∏m−1
i=1 (q
2i − 1) and
r > em, we have |φ1(Guv ∩M)|r = (q
m − 1)r = r
l. Notice that |Out(T )| divides 24e,
(r, |Out(T )|) = 1, then Lemma 4.6 implies r4kl < r3kl+
k
r−1 , a contradiction.
Now consider the case (p, em) = (2, 6). Since m is even, we have (m, q) = (2, 8)
or (6, 2), and so T = PΩ+4 (8) or PΩ
+
12(2) respectively. In particular, |T |7 = 7
2 and
|Out(T )|7 = 1 for both cases. Since Ω2m−1(q)✁φ1(Guv∩M) and (m, q) = (2, 8) or (6, 2),
one easily computes out |φ1(Guv ∩M)|7 = 7. Then Lemma 4.6 leads to 7
4k < 73k+
k
6 ,
also a contradiction.
Row 6. Then |T | = |PSp4(q)| =
1
(2,q−1)
q4(q2−1)(q4−1) and |Out(T )| = 2e, where q = pe
is a prime power. Since PSp2(q
2)✁φ1(Guv∩M), we have φ1(Guv∩M)∩T ≤ PSp2(q
2).Z2.
It follows |φ1(Guv ∩M)| divides 2|PSp2(q
2)||Out(T )| and hence divides 4eq2(q4 − 1).
If (p, e) = (2t − 1, 1), then |T |p = p
4, Out(T ) = Z2 and |φ1(Guv ∩M)|p divides p
2,
by Lemma 4.6, we have p8k < p6k+
k
p−1 , a contradiction. Similarly, if (p, e) = (2, 3), then
|T |7 = 7
2, |Out(T )| = 6 and |φ1(Guv ∩M)|7 = 7, Lemma 4.6 implies 7
4k < 73k+
k
6 , also a
contradiction.
Thus assume now (p, e) 6= (2s−1, 1) and (2, 3). By Lemma 2.2, p2e−1 has a primitive
prime divisor r > 2e. Set (p2e − 1)r = r
l. Then |T |r = r
2l, (r, |Out(T )|) = 1 and
|φ1(Guv ∩ M)|r ≤ r
l. It then follows from Lemma 4.6 that r4kl < r3kl+
k
r−1 , again a
contradiction.
Remaining rows. With similar discussions as in the last paragraph of the proof of
Lemma 4.7, it is routine to compute out that the triple (|T |r, |Out(T )|, |φ1(Guv ∩M)|r)
with r a prime is listed in Table 3. For each row there, we always have |T |2kr >
r
k
r−1 |φ1(Guv ∩M)|
3k
r |Out(T )|r, by Lemma 4.6, it is a contradiction. 
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l T |T |r |Out(T )| |φ1(Guv ∩M)|r r
8 PSL2(8) 3
2 3 3 3
10 PSL6(2) 3
4 2 32 3
13 PSU4(2) 3
4 2 32 3
19 Sp6(2) 3
4 1 32 3
20 PΩ+8 (2) 2
12 6 ≤ 27 2
23 M11 3
2 1 3 3
24 M12 3
3 2 ≤ 32 3
25 M24 3
3 1 32 3
Table 3. Triples (|T |r, |Out(T )|, |φ1(Guv ∩M)|r) of ‘sporadic’ cases in Lemma 4.8.
Summarize Lemmas 4.3, 4.4, 4.7 and 4.8, Lemma 4.1 follows.
5. Subgroups (b), (e) and (f)
Suppose Hypothesis 3.1 holds. In this section, we treat the cases where Gv satisfies
parts (b), (e) and (f), and complete the proof of Theorem 1.1.
We first consider parts (b) and (e). For both cases, Gv ∼= (Sm ≀Sk)∩G, where n = mk,
m > 1 and k > 1 for part (b), and n = mk, m ≥ 5 and k > 1 for part (e). Let M ∼= Skm
be the base group of Sm ≀ Sk.
Lemma 5.1. Suppose Gv satisfies parts (b) or (e) and s ≥ 2. Then one of the fol-
lowing statements holds, where φi(Gαβ ∩M) denotes the projection of Gαβ ∩M on the
i-component of M , and (α, β) = (u, v) or (v, w).
(i) Am ✁ φi(Gαβ ∩M) for i = 1, 2, . . . , k.
(ii) Al ≤ φi(Gαβ ∩M) ≤ Sl × Sm−l, where m is not a prime, p ≤ l < m with p the
maximal prime less than m, and i = 1, 2, . . . , k.
Proof. Set Gv = GvM/M , Guv = GuvM/M and Gvw = GvwM/M . Since s ≥ 2, Gv =
GuvGvw, so Gv = GuvGvw. By [10, Lemma 2.3], Gαβ is a transitive subgroup of Sk, where
(α, β) = (u, v) or (v, w). Then Lemma 2.6 implies φ1(Gαβ ∩M) = · · · = φk(Gαβ ∩M),
and pi(Am) ⊆ pi(φi(Gαβ ∩M)) for each i = 1, 2, . . . , k.
If m ≥ 5, by [15, Theorem 4(ii)], φi(Gαβ ∩ M) satisfies part (i) or (ii). If 2 ≤
m ≤ 4, since pi(Am) ⊆ pi(φi(Gαβ ∩M)) and φi(Gαβ ∩M) ≤ Sm, it is easy to see that
φi(Gαβ ∩M)✄ Am for m = 2 and 3, and φi(Gαβ ∩M)✄ A4 or equals to S3 for m = 4,
that is, φi(Gαβ ∩M) also satisfies part (i) or (ii). 
For a set Ω , if ∆1, . . . ,∆k are its subsets with equal size m, such that Ω is the disjoint
union of ∆1, . . . ,∆k, then we call (∆1, . . . ,∆k) is a m-homogeneous partition of Ω .
Lemma 5.2. Suppose Gv satisfies part (b) of Theorem 2.3. Then s ≤ 2.
Proof. Then Gv ∼= (Sm ≀ Sk) ∩ G with n = mk, m > 1 and k > 1. Suppose for a
contradiction that s ≥ 3. By Lemma 5.1, without loss of generality, we may assume
φi(Gvw ∩M) satisfies part (i) or (ii) of Lemma 5.1.
First suppose case (i) occurs. Then Am ✁ pii(Gvw ∩M). Notice that the action of G
on V Γ is permutation equivalent to the action of G on the set of all m-homogeneous
partitions of Ω , we may set v = (∆1, . . . ,∆k), a m-homogeneous partition of Ω . Then
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u = vg
−1
= (∆g
−1
1 , . . . ,∆
g−1
k ). Since u 6= v, without loss of generality, we may suppose
∆1 6= ∆
g−1
1 , so q := |∆1 ∩∆
g−1
1 | < m. Since pi1(Guv ∩M) ≤ Sm fixes both ∆
g−1
1 and ∆1,
we have pi1(Guv ∩M) ≤ Sq × Sm−q, which contradicts Am ✁ pi1(Guv ∩M).
Suppose now case (ii) occurs. In this case, with almost the same discussions as in the
proof of Case Row 1 of Lemma 4.8, one may have a contradiction. 
Lemma 5.3. Suppose Gv satisfies part (e) of Theorem 2.3. Then s ≤ 2.
Proof. By assumption, Gv ∼= (Sm ≀ Sk)∩G, with n = m
k, m ≥ 5 and k > 1. Suppose on
the contrary that s ≥ 3. By Lemma 5.1, we may assume φi(Gvw ∩M) satisfies part (i)
or (ii) of Lemma 5.1.
For case (i), since m ≥ 5, Am is nonabelian simple. Notice that in this case the
arguments in the proof of Lemma 4.4 are efficient, then one may have that Gv has
a subgroup soc(Gv) ∼= A
k
m which is normal in G, a contradiction. For the case (ii),
with similar discussions as in the proof of case Row 1 of Lemma 4.8, one may has a
contradiction. 
We finally consider part (f).
Lemma 5.4. Suppose Gv satisfies part (f) of Theorem 2.3. Then (soc(Gv), soc(Guv)) =
(PΩ+8 (q),Ω7(q)) with q an odd prime power and s ≤ 2.
Proof. By assumption, Gv is almost simple, then by [10, Corollary 3.4], we have s ≤
2. Set T = soc(Gv). Since Gv = GuvG
g
uv, by Lemma 2.5, (T, soc(Guv)) = (A6,A5),
(M12,M11), (Sp4(2
f), Sp2(4
f)) with f ≥ 2, or (PΩ+8 (q),Ω7(q)).
Suppose T ∼= A6. Since Gv is maximal in G, we have n = 7 or 8. If n = 7, then
(G,Gv) = (A7,A6) or (S7, S6), so G is 2-transitive on V Γ , and hence Γ ∼= K7 is an
undirected complete graph, a contradiction. If n = 8, then (G,Gv) = (A8, S6), and
the action of G on V Γ is permutation equivalent to the action of G on Ω{2}, the set of
2-subsets of Ω . It easily follows (or see [7, TABLE B.2]) that G is of rank 3 and the two
nontrivial orbits are with length 12 and 15, so Γ is undirected, a contradiction.
Suppose Gv ∼= M12. Since Gv is maximal in G, we have n = 12, and G ∼= A12 is
2-transitive on V Γ , hence Γ = K12 is an undirected complete graph, a contradiction.
If T ∼= Sp4(2
f), by part (II)(B) of [13, THEOREM], there is a subgroup H ∼= Sm ≀S2 with
m = 1
2
q2(q2 − 1) such that Gv < H < G, so G is not primitive on V Γ , a contradiction.
Similarly, if T ∼= PΩ+8 (q) with q even, there is a subgroup H with soc(H)
∼= Sp8(q) such
that Gv < H < G by part (II)(B) of [13, THEOREM], hence G is not primitive on V Γ ,
again a contradiction. 
Now, we may complete the proof of Theorem 1.1.
Proof of Theorem 1.1. Since the full automorphism groups of the directed cycles
are soluble, val(Γ ) 6= 1. If val(Γ ) = 2, by [17, Theorem 5], AutΓ is a dihedral group, a
contradiction. Thus Γ is of valency at least three. Since Gv with v ∈ V Γ is a maximal
subgroup of G, Gv satisfies one of parts (a)-(f) of Theorem 2.3. If Gv satisfies parts
(a) and (c), by Lemmas 3.2 and 3.3, we have s = 1. If Gv satisfies parts (b), (d), (e)
and (f), by Lemmas 5.2, 4.1, 5.3 and 5.4, we have s ≤ 2. This completes the proof of
Theorem 1.1. 
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